Abstract-This paper presents a new analysis of power complementary analog filters using the state-space representation. Our analysis is based on the bounded-real Riccati equations that were developed in the field of control theory. We show that the sum of the controllability/observability Gramians of a pair of power complementary filters is represented by a constant matrix, which is given as a solution to the bounded-real Riccati equations. This result means that power complementary filters possess complementary properties with respect to the Gramians, as well as the magnitude responses of systems. Furthermore, we derive new theorems on a specific family of power complementary filters that are generated by a pair of invertible solutions to the bounded-real Riccati equations. These theorems show some interesting relationships of this family with respect to the Gramians, zeros, and coefficients of systems.
I. INTRODUCTION
The state-space representation is considered a powerful theoretical tool for analysis of linear dynamical systems. Practical applications of the state-space analysis include balanced model reduction of large-scale systems [1] , [2] and synthesis of analog filters of high dynamic range [3] , [4] . The key factors in these applications are the controllability/observability Gramians-these are the matrices which exhibit structural properties of systems, and thus known to be vital to the abovementioned applications.
Although it seems that the linear system theory-from the viewpoint of the state-space representation-has been well established, there are still many practically important topics which have not been fully discussed by the state-space approach. One such topic is the theory of power complementary filters [5] - [7] , which are known to be very important in the field of signal processing.
Our contribution in this paper is to present a new algebraic analysis of power complementary analog filters from the state-space approach. Our analysis makes frequent use of the bounded-real Riccati equations [8] - [10] that were developed in the field of control theory. Through this analysis, we derive some new structural properties of power complementary filters. The properties to be derived in this paper exhibit interesting relationships among the zeros, coefficients, and Gramians of power complementary filters.
II. PRELIMINARIES
This section gives preliminaries concerning the state-space representation of linear systems, power complementary filters, and the state-space formulation of power complementary filters using the bounded-real Riccati equations.
A. State-space Representation
Consider the following state-space equations for an asymptotically stable single-input/single-output continuous-time system of order N with the transfer function H(s):
where u(t), y(t) and x(t) are the scalar input, the scalar output and the state vector of size N × 1, and A, b, c and d are coefficients with appropriate size. The coefficients (A, b, c, d) and the transfer function H(s) are related as
where I N denotes the N × N identity matrix. In this paper, the system (A, b, c, d) is assumed to be a minimal realization of H(s), i.e. the system (A, b, c, d) is controllable and observable. For the system (A, b, c, d), the solutions K and W of the following Lyapunov equations are called the controllability Gramian and the observability Gramian, respectively:
The Gramians K and W are symmetric and positive definite, i.e. K = K t > 0 and W = W t > 0, because the system (A, b, c, d ) of H(s) is assumed to be asymptotically stable, controllable and observable.
B. Power Complementary Filters
A pair of transfer functions H(s) and H(s) is called power complementary [5] - [7] if
for all Ω and some γ. Figure 1 shows an example of power complementary filters. As is seen from this 
Any solution P to (7) lies between two external solutions P min and P max , i.e. 0 < P min ≤ P ≤ P max . The matrix P min is the unique solution to (7) (7) and (8) are called the bounded-real Riccati equations of the system H(s). Throughout this paper, it is assumed that w
For justification of imposition of this restriction, see [11] .
For a given state-space filter, its power complementary filters can be represented in state-space form through the use of solutions to the bounded-real Riccati equations. The following lemma gives the state-space formulation of power complementary filters.
−1 b be boundedreal and let (P , Q) be solutions to the bounded-real Riccati equations (7) and (8) . Now, define
and consider the following filters H P (s) and H Q (s), which are respectively obtained through the matrices P and Q:
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Zeros of associated with Fig. 2 . Zeros of power complementary filters H P (s) and H Q (s) in the case of P Q = γ 2 I N .
Then, both H P (s) and H Q (s) are power complementary to Before finishing this section, we introduce the following important lemma on the invertible solutions to the boundedreal Riccati equations [9] and their relationship to the zeros of power complementary filters.
Lemma 3:
is a solution to (8) . Therefore, there exist some pairs of matrices (P , Q) satisfying P Q = γ 2 I N . Moreover, in this case the zeros of H Q (s) are obtained as the mirror image of those of H P (s), as illustrated in Figure 2 .
III. STATE-SPACE ANALYSIS OF POWER COMPLEMENTARY ANALOG FILTERS
This section presents our main results, where we derive new theorems on the Gramians, zeros and coefficients of power complementary filters. We first introduce the following theorem that was derived in our previous work [12] . (11) and (12) . Now, let (K P , W P ) and (K Q , W Q ) be the controllability and observability Gramians of (A, b, l, w) and (A, m, c, w), respectively. Then, the following equations hold:
The significance of Theorem 1 lies in the fact that a pair of power complementary filters possess complementary properties with respect to the Gramians as well as the magnitude responses: the sum of the Gramians of a pair of power complementary filter is represented by a constant matrix. This theorem gives the explicit formulation of the Gramians of power complementary filters, which leads to our new theorems presented in the rest of this paper. Now, we turn our attention to a specific family of power complementary filters that are generated by a pair of invertible solutions to the bounded-real Riccati equations, i.e. a pair of (P , Q) satisfying P Q = γ 2 I N . We reveal some interesting relationships among the Gramians, zeros and coefficients of this family.
We first need to present the following lemma, which is necessary in achieving our goal.
Lemma 4: Let H(s) = d + c(sI N − A)
−1 b be boundedreal, and let (P , Q) be solutions to (7) and (8), respectively. If the matrices (P , Q) satisfy P Q = γ 2 I N , these P and Q also satisfy the following Riccati equations:
where l and m are given as (9) and (10), respectively. Proof: We consider the proof of (17). Noting that
we can rewrite the left-hand side of (17) as
which is equal to the left-hand side of (7). This shows that P satisfies (17) and completes the proof. The proof of (18) is achieved in a similar way and omitted here.
We are now ready to derive new properties of the specific family of power complementary filters. We first present the following theorem, which reveals new properties of this family with respect to the zeros and coefficients. Let H 1 (s) = d + c(sI N − A) −1 b be a statespace filter, and let (P , Q) be the solutions to (7) and (8), respectively, such that P Q = γ 2 I N is satisfied. In addition, let
Theorem 2:
−1 m be the power complementary filters obtained from H 1 (s) through the use of P and Q, respectively, and define Proof: We first consider the proof of 1) together with 2). From Lemma 4 it is easy to see that (17) and (18) The following corollary states the special case of the statements 4) and 5) of Theorem 2. Then, the following equations hold:
Proof: Equations (21) and (22) directly follow from the state-space representation of H 1 (s), H 2 (s), H 1 (s) and H 2 (s) given in Theorem 2. Equations (23) and (24) are clear from Theorem 1. Equation (25) is the consequence of (23), (24) and P Q = γ 2 I N . Figure 3 illustrates Theorems 2 and 3. We see that the family of power complementary filters shown in Figure 3 exhibit interesting properties with respect to the Gramians, zeros and coefficients. Also, it should be pointed out that the state-space descriptions of this family are simply related to one another by a pair of the invertible solutions, i.e. P and Q = γ 2 P −1 . This means that, given one state-space filter in this family, statespace descriptions of the other filters are easily obtainable by means of the invertible solutions.
IV. CONCLUSION
This paper has presented a new theoretical analysis of power complementary analog filters in terms of the state-space representation. We have shown that the sum of the controllability/observability Gramians of a pair of power complementary filters is represented by a constant matrix, which is given as a solution to the bounded-real Riccati equations. This result has revealed complementary properties with respect to the Gramians of systems. Furthermore, we have revealed that the specific family of power complementary filters generated by a pair of (P , Q) satisfying P Q = γ 2 I N have some interesting properties with respect to the zeros, coefficients, and Gramians of systems. Our results presented in this paper will bring alternative insights to the signal processing theory.
In this paper, the systems that we discussed have been restricted to continuous-time systems. Therefore, the discussion in the discrete-time case is a subject of our future work.
